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Abstract: River ice is a natural phenomenon in cold regions, influenced by meteorology, 
geomorphology, and hydraulic conditions. River ice processes involve complex interactions 
between hydrodynamic, mechanical, and thermal processes, and they are also influenced by weather 
and hydrologic conditions. Because natural rivers are serpentine, with bends, narrows, and straight 
reaches, the commonly-used one-dimensional river ice models and two-dimensional models based 
on the rectangular Cartesian coordinates are incapable of simulating the physical phenomena 
accurately. In order to accurately simulate the complicated river geometry and overcome the 
difficulties of numerical simulation resulting from both complex boundaries and differences 
between length and width scales, a two-dimensional river ice numerical model based on a 
boundary-fitted coordinate transformation method was developed. The presented model considers 
the influence of the frazil ice accumulation under ice cover and the shape of the leading edge of ice 
cover during the freezing process. The model is capable of determining the velocity field, the 
distribution of water temperature, the concentration distribution of frazil ice, the transport of 
floating ice, the progression, stability, and thawing of ice cover, and the transport, accumulation, and 
erosion of ice under ice cover. A MacCormack scheme was used to solve the equations numerically. 
The model was validated with field observations from the Hequ Reach of the Yellow River. 
Comparison of simulation results with field data indicates that the model is capable of simulating the 
river ice process with high accuracy.     
Key words: two-dimensional river ice numerical model; boundary-fitted coordinate technology; 
river ice process; freeze-up; MacCormack scheme; natural river 
 
1 Introduction 
The presence of ice in a river is an important phenomenon that should be considered in 
the development of water resources in cold regions. Ice formation can affect the design, 
operation, and maintenance of hydraulic engineering facilities. Major engineering concerns 
related to river ice are ice jam flooding, hydropower station operations, inland navigation, 
water transfers, and environmental, ecological, and morphological effects. The level of 
research activity on river ice has been disproportionally lower than that related to ice-free 
conditions. Although significant progress has been made in the last couple of decades, much 
more work still needs to be conducted. 
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Shen (1996) described the different river ice processes that may occur during a winter. 
River ice processes involve complex interactions between hydrodynamic, mechanical, and 
thermal processes. They are also influenced by weather and hydrologic conditions. Therefore, 
study of river ice evolution involves knowledge of river hydraulics, meteorology, 
thermodynamics, and geomorphology (Shen 2010).  
Generally speaking, river ice mathematical models can be classified into two types: 
component models and comprehensive models (Shen 2010). Component models are mainly 
aimed at studying one or two specific river ice processes, used either to develop or to validate 
theoretical formulas and concepts, or to predict a specific river ice process. Information 
developed from component models can become the basis of comprehensive models. 
On the other hand, comprehensive river ice models are capable of simulating the entire 
river ice regime. By utilizing existing theories, comprehensive river ice models capable of 
simulating all ice processes during a winter can be developed. Such a model can provide a 
continuous description of river ice evolution based on a limited amount of field data. It has 
been well recognized that such a numerical model can be the most economical tool for 
providing quantitative information for planning, design, and operations of river ice-related 
engineering projects. Most of the comprehensive models were initially developed for 
engineering needs related to the study of specific ice-related problems. With deepened 
understanding of the river ice physical phenomena and improvement in numerical methods, 
these early models show many limitations. As many ice processes are involved, it is crucial to 
have a coherent analytical framework when developing a comprehensive river ice model. 
Since almost all river ice phenomena are governed by thermal processes and ice transport, 
along with mechanical processes and phase changes, a coherent river ice model can be 
formulated with a thermal ice transport framework encompassing river ice evolution from 
freezing to breakup. Svensson et al. (1989) developed a model for thermal growth of border 
ice and presented a limiting condition for static border ice formation. Lal and Shen (1991) and 
Shen and Wang (1995) developed a two-layer analytical framework for river ice modeling 
based on the concept of thermal ice transport by treating the ice transport as a combination of 
the ice floating on the surface and the ice suspended over the depth of the flow beneath the 
surface ice. Anchor ice is included as a component and interacts with both the surface and 
suspended ice. Liu et al. (2006) established a two-dimensional comprehensive river ice model 
that includes all the major ice transport processes.  
In the last thirty years or so, many researchers have developed theories related to ice 
evolution and presented a variety of comprehensive one-dimensional river ice models. 
Generally speaking, the one-dimensional river ice model is only applicable to straight 
channels and can only simulate the section-averaged values varying with time in the 
streamwise direction. For natural rivers, the water depth, velocity, and ice cover thickness vary 
dramatically in the transverse direction. It is therefore necessary to consider the characteristic 
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variations in the transverse direction in numerical simulation of river ice (Mao et al. 2008b). 
The meandering banks of a natural river make it impossible to use rectangular Cartesian 
coordinates to deal with complex geometric boundaries accurately. The boundary-fitted 
coordinate (BFC) transformation method has been applied widely in many fields, such as 
environmental analysis, port and channel engineering, and flood control (Tan 1996). In order 
to accurately simulate complicated river geometry and overcome the difficulties of numerical 
simulation resulting from both complex boundaries and the difference between length and 
width scales, a comprehensive two-dimensional numerical model of river ice processes based 
on BFC, and including river hydraulics, ice transportation, thermodynamics, and freezing, was 
developed in this study. 
2 Two-dimensional river ice mathematical model 
The two-dimensional river ice mathematical model includes six major components: the 
river hydraulic model, water temperature model, surface ice and suspended frazil ice model, 
ice cover progression, ice transport under ice cover, and width of border ice. 
2.1 River hydraulic model 
Two-dimensional shallow water equations in conservational form in terms of longitudinal 
coordinate x and transverse coordinate y were used as governing equations, with consideration 
of the resistance of the underside of the ice cover (Wang 1999): 
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where ρ  and iρ  are the densities of water and ice, respectively; h is the water depth; ih  is 
the ice cover thickness; g is the acceleration of gravity; t is time; xq  and yq  are the 
unit-width discharges in the x and y directions, respectively: xq hu=  and yq hv= , with u 
and v being the flow velocity components in the x and y directions, respectively.  
For an ice cover-free case: 
a b a b
b
1 x x
x x
p zb g F
x x h
τ τ
ρ ρ
∂ ∂ −
′ = − − + +
∂ ∂
, a ba b b
1 y y
y y
p zb g F
y y h
τ τ
ρ ρ
−∂ ∂
′ = − − + +
∂ ∂
        (4) 
For an ice-covered case: 
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where ap  is the atmospheric pressure at the water surface; bz  is the elevation of the 
riverbed; bτ  is the riverbed resistance, and b b b+x yτ τ=τ i j ; iτ   is the resistance of the 
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underside of the ice cover, and i i i+x yτ τ=τ i j ; aτ  is the wind shear stress, and 
a a a a d a a+ =x y Cτ τ ρ=τ i j w w , where aρ  is the air density, aw  is the wind speed, dC  is the 
non-dimensional coefficient of wind shear stress, a a acosxτ θ= τ , a a asinyτ θ= τ , and aθ  is 
the angle between the wind velocity direction and the downstream direction of a river; bF  is 
Coriolis force, and b b b+x yF F=F i j , where bxF fv= , and byF fu= − ; f is the coefficient of 
Coriolis force, and 2 sinf ω φ= ; φ  is the latitude; and ω  is the earth’s angular velocity: 
57.29 10  rad/sω −= × . 
According to the Chezy formula, the riverbed resistance expression can be 
2 1/ 3
b b b+ =x y g n Rτ τ ρ=τ i j w w , where R is the hydraulic radius, n is the Manning’s 
roughness coefficient, and +u v=w i j . For a wide and shallow river R h≈ . Therefore, the 
riverbed resistance components in the x and y directions can be further simplified and 
expressed, respectively, as follows:  
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If ice cover is present, the total resistance of the underside of ice cover and the riverbed 
resistance in the x and y directions can be written, respectively, as  
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where bn  is the Manning’s roughness coefficient of the riverbed, and cn  is the composite 
Manning’s roughness coefficient. There are a variety of expressions that can be used to 
calculate cn  (Mao et al. 2002). In this study, the following Sababeev formula was used in 
calculation, for the sake of simplicity (Ashton 1986): 
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where in  is the roughness coefficient of the underside of the ice cover; bP  and iP  are the 
wet perimeters of flow and ice cover, respectively; and tP  is the total wet perimeter: 
t b iP P P= + . For a wide and shallow river with ice cover, i iP B≈  and b oP B≈ , where iB  is 
the width of the ice cover, and oB  is the width of the water surface. 
2.2 Water temperature model 
Water temperature of two-dimensional unsteady flows in terms of conservation of 
thermal energy can be written as (Yu 1988; Xu 2007) 
2 2
o
2 2
p p
BT T T T Tu v S
t x y C x y C A
λ
ρ ρ
§ ·∂ ∂ ∂ ∂ ∂
+ + = + + Σ¨ ¸∂ ∂ ∂ ∂ ∂© ¹
              (9) 
where T is the depth-averaged water temperature, pC  is the specific heat of water, A is the  
cross-sectional area of flow, λ  is the thermal conductivity of water, and SΣ  is the net heat 
flux per unit flow surface area.  
For the convenience of deducing the governing equations on a curvilinear grid, the above 
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equation can be rewritten as follows: 
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where xJ  and yJ  are thermal flux components in the x and y directions, respectively: 
xJ uT x
ΤΓ ∂= −
∂
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; and Γ  is the heat dispersion coefficient: 
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ρ
= . 
2.3 Surface ice and suspended frazil ice model 
According to the two-layer ice transport theory, the river ice can be divided into the 
surface ice and suspended frazil ice in the ice cover-free river reach. The equations for surface 
and suspended frazil ice concentrations are, respectively (Wang 1999): 
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where sC  is the concentration of surface ice; cC  is the concentration of suspended frazil ice; 
iL  is the latent heat of fusion; δ  is the an empirical coefficient quantifying the rate of 
supply to surface ice from suspended frazil ice (Wu 2002); iu  is the buoyant velocity of ice 
particles, and i s0.025 0.0051 130
Su T Σ§ ·= − + +¨ ¸© ¹ , where sT  is the water temperature at the 
water surface; and zu  is the vertical velocity component due to flow turbulence, and 
( )0.7 6.0
5z
uu gC C= + , where C is the Chezy coefficient. 
2.4 Ice cover progression 
Depending on the hydraulic condition at the leading edge of the ice cover, there are three 
kinds of ice cover progression modes: the juxtaposition mode, hydraulic thickening (narrow 
jam) mode, and mechanical thickening (wide jam) mode. According to the mass conservation 
of surface ice at the leading edge, the rate of ice cover progression in terms of unit-width 
discharges is (Xu 2007) 
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where je   is the overall porosity of ice cover, and ( )j p p c1e e e e= + − , where pe  is the 
porosity between ice floes and ce  is the porosity of an ice floe; iuq  is the unit-width 
discharge of ice entrained under the ice cover at the leading edge (m2/s); isq  is the unit-width 
ice discharge in the surface ice layer (m2/s), and is sq C q= , where q is the unit-width water 
discharge; and isu  is the velocity of the incoming surface ice. The node-isolation method is 
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applied in computation, i.e., by regarding the grid point as a control unit, the progression 
distance of each grid point at the leading edge is calculated (Mao et al. 2003, 2004). 
When the Froude number at the leading edge Fr is less than a critical Froude number 
cFr , the ice cover will progress upstream in the juxtaposition mode. The critical Froude 
number cFr  can be expressed as 
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where oh  is the water depth at the leading edge of ice cover, and ioh  is the thickness of the 
incoming floe. The Froude number at the leading edge Fr is defined as oFr u gh= . 
By contrast, if Fr is greater than Frc, single floe juxtaposition cannot be maintained. At 
this time, the upstream incoming ice will be entrained under the ice cover, resulting in a 
narrow jam, and the ice cover will progress upstream in the hydraulic thickening (narrow jam) 
mode, inducing the thickness of ice cover to increase, the water level at the leading edge to 
rise, and flow at the bottom to separate.   
The dive coefficient (k) of incoming ice at the leading edge can be defined in terms of 
unit-width discharges as (Wang 1999) 
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It is difficult to determine the k value according to Eq. (15), and we adopt the following formula: 
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According to ice conservation, the change of the thickness of ice cover in a river with a 
length of xΔ  during a period of tΔ  is 
i is
th q
x
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Δ
                              (17) 
As the thickness of ice cover at the leading edge increases, the Froude number gradually 
decreases. When the Froude number is less than cFr , the leading edge of ice cover will 
progress again. 
If forces acting on the ice cover exceed the bank shear stress, mechanical thickening will 
occur, and the balance thickness of the ice cover ibh  can be calculated with Eq. (18) (Xu 2007): 
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where uu  is the velocity under the ice cover, μ  is the friction coefficient between floes 
( 1.28μ = ), DR  is the hydraulic radius of ice-covered flows, cτ  is the cohesion term of the 
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bank shear stress, and uh  is the water depth underneath ice cover. 
2.5 Ice transport under ice cover  
The ice transport capacity is formulated in the following relationship (Shen and Wang 1995): 
( )1.5c5.487ϕ Θ Θ= −                             (19) 
where ϕ  is the dimensionless ice transport capacity, and ( )i n nq d F gdϕ Δ= , where iq  is 
the ice volumetric discharge per unit width, nd  is the nominal diameter of ice particles, F is 
the fall velocity coefficient, and i1Δ ρ ρ= − ; Θ  is the dimensionless flow strength, and ( )2 2*i nV F gdΘ Δ= , where *iV  is the shear velocity on the underside of the ice cover; cΘ  is 
the dimensionless critical shear stress. 
2.6 Width of border ice 
Border ice will initially form, if the depth-averaged velocity component near the border 
in the x direction ( su ) satisfies the following condition (Ashton 1986): 
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The border ice will also progress in the transverse direction due to the congregation of 
incoming floes. Depending on stabilization between floes and border ice, the progression rate 
of border ice is calculated as follows: 
0.93
1.08
s
i c
14.1 S uW C
L uρ
−§ ·ΣΔ = ¨ ¸© ¹
                        (21) 
where WΔ  is the increased width of border ice during a given period, and cu  is the 
maximum allowable velocity at which a floe can adhere to the existing border ice. 
3 Transformation of boundary-fitted coordinate system 
3.1 Grid generation 
The coordinates of a point in the physical plane are denoted by (x, y), and the coordinates 
of a point in the computational plane are denoted by ( ,  ξ η ). In order to make the 
computational grid accurately fit the boundaries of the computational domain, the irregular 
domain enclosed by complex boundaries on the physical plane (x-y plane) is transformed into 
a rectangular domain on the computational plane ( -ξ η  plane) through coordinate 
transformation, as shown in Fig. 1, where D* is the computational domain in ξ-η coordinates; 
D is the computational domain in x-y coordinates; and ( )*1 1Γ ξ = , ( )*2 1Γ η = , ( )*3 NΓ ξ = , 
and ( )*4 MΓ η =  are the boundaries of D*, corresponding to the boundaries Γ1, Γ2, Γ3, and Γ4 
of D, respectively. By solving the elliptic partial differential equations, the coordinates on the 
-ξ η  plane corresponding to those on the x-y plane can be obtained: ( ),x yξ ξ= and 
( ),x yη η= , which satisfy the following equation (Xu 2007; Mao et al. 2008a; Liang 1998): 
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and the Dirichlet boundary conditions, where P and Q are both continuous functions of ξ  
and η . By selecting proper values of P and Q, curvilinear grids with various densities on the 
x-y plane can be transformed into uniform rectangular grids on the -ξ η  plane.  
 
Fig. 1 Computational domains in x-y plane and -ξ η  plane 
The procedure of BFC generation includes arrangement of grid points along boundaries 
of the domain D on the x-y plane. As shown in Fig. 1(a), M nodes are arranged along 
boundaries Γ1 and Γ3, N nodes are arranged along boundaries Γ2 and Γ4, and the spacing 
between those nodes can be unequal. Nodes at boundaries of the domain D* correspond to 
nodes at boundaries of the D domain. Then, with the chain-derivative method, the following 
equations are numerically solved using the central difference scheme: 
( )22 0x x x J Px Qxξξ ξη ηη ξ ηα β γ− + + + =                     (23) 
( )22 0y y y J Py Qyξξ ξη ηη ξ ηα β γ− + + + =                     (24) 
where 2 2x yη ηα = + , x x y yξ η ξ ηβ = + , 2 2x yξ ξγ = + , J x y x yξ η η ξ= − , x xξ ξ= ∂ ∂ , x xη η= ∂ ∂ , 
y yξ ξ= ∂ ∂ , y yη η= ∂ ∂ , 2 2x xξξ ξ= ∂ ∂ , 2 2x xηη η= ∂ ∂ , 2 2y yξξ ξ= ∂ ∂ , 2 2y yηη η= ∂ ∂ , 
( )2x xξη ξ η= ∂ ∂ ∂ , and ( )2y yξη ξ η= ∂ ∂ ∂ . The solutions of Eqs. (23) and (24) are the 
coordinates of all nodes in the domain D corresponding to those in the domain D*. The 
detailed information can be found in Xu (2007). 
3.2 Transformation of governing equations 
Let x xξ ξ= ∂ ∂ , x xη η= ∂ ∂  , y yξ ξ= ∂ ∂ , y yη η= ∂ ∂ , x x Jξ ξ= , y y Jξ ξ= , x x Jη η= , 
y y Jη η= , x yu u vξ ξ ξ= + , x yv u vη η η= + , x x y yq q qξ ξ ξ= + , and x x y yq q qη η η= + , where uξ  
and vη  are velocity components in the ξ  and η  directions in -ξ η  coordinates, respectively. 
The governing equations of a two-dimensional shallow water model under the BFC system 
can be deduced through coordinate transformation of Eqs. (1) through (3) by means of the 
chain-derivative method: 
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Similarly, by transformation of Eqs. (10) through (12), the aforementioned governing 
equations of water temperature, and concentrations of surface and frazil ice under the BFC 
system can be deduced: 
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where 2 2 2 211 x yq x yη ηξ ξ α= + = + = , ( )12 x x y yq x x y yξ η ξ ηξ η ξ η β= + = − + = − , and 22q =    
2 2
x yη η+ = 2 2x yξ ξ γ+ = . 
3.3 Transformation of boundary conditions 
The boundary conditions can be generally expressed as ( )1 1 1a b cφ φ+ ∂ ∂ =n , where 1a , 1b , 
and 1c  are given values, n is the outward unit normal vector of the boundary, φ  is an unknown 
variable, and the gradient of an arbitrary function f is ( ) ( )x x y yf f f f fξ η ξ ηξ η ξ η∇ = + + +i j . 
If f ξ= , and f η= , the transformed forms of boundary conditions can be obtained as follows: 
11 12
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1 q q
J qη
φ φ φ
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where ξn  and ηn  are the unit vectors pointing in the positive ξ  and η directions, respectively. 
4 Numerical methods 
As illustrated in Fig. 2, the control volume is denoted by ABCD, (i, j) is a control node, 
and the control area is denoted by ξ ηΔ Δ .  
 
Fig. 2 Sketch of control volume 
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Fig. 3 Sketch of Hequ Reach of Yellow River 
Eqs. (25) through (30) can be expressed in the following vector forms: 
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Its general discretization form is as follows: 
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= − + + + + Δ¨ ¸Δ Δ© ¹U U H H H H b            (33) 
where AB AB η= ΔH F , BC BC ξ= ΔH G , CD CD η= − ΔH F , and DA DA ξ= − ΔH G , with AB =F  
( )1, , 2i j i jF F+ + , ( ), 1 , 2BC i j i jG G+= +G , ( )1, , 2CD i j i jF F−= +F , and ( ), 1 , 2DA i j i jG G−= +G . 
A two-step MacCormack scheme was used to solve the above equations. In order to 
assure symmetry of computation, stagger arrangement of forward and backward difference 
was adopted at control surfaces in the ξ  and η  directions. Node variables were staggered, 
which was helpful to solving the moving boundary conditions. 
5 Model test 
5.1 Hequ Reach of Yellow River 
Field observations (HFPDFHC 1993) in 
the Hequ Reach of the Yellow River were used 
to validate the numerical model. A sketch of 
the Hequ Reach is shown in Fig. 3. It was 
concluded from the original observations that 
the ice cover formation and evolution in the 
Hequ Reach of the Yellow River involve two 
processes. First, the ice cover continuously 
progresses upstream and freezes up. Second, 
the leading edge of the ice jam stops 
developing upstream after the ice jam advances 
to near Longkou, and then turns into the late 
evolution stage, because of rapid flow in the 
canyon upstream. Because of a lack of 
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cross-section data upstream of Longkou, these two processes were simulated separately. The 
numerical simulation of the freeze-up process was conducted in the reach from Longkou to 
Yumiao, with a length of 58.5 km (19 cross-sections in total), and the computations were 
compared with field observations. Characteristics of cross-sections of the Hequ Reach are 
shown in Table 1. 
Table 1 Characteristics of cross-sections of Hequ Reach 
Cross-section Distance from Longkou (m) 
Side slope 
coefficient 
Bottom elevation 
(m) Bottom width (m)
Manning’s roughness 
coefficient 
Longkou 0 30.2 860.2  80 0.025 
Yingzhantan  2 800 55.0 855.6 100 0.025 
Louziying  5 400 12.5 851.5  80 0.030 
Niangniangtan  7 700 18.3 851.2  80 0.030 
Jiaoweicheng 10 100 66.7 849.6 200 0.030 
Beiyuan 14 550 31.0 847.2 120 0.025 
Nanyuan 16 750 66.7 846.2 280 0.025 
Jiuliangtan 20 000 24.0 844.5 100 0.018 
Hequ Hydrologic Station 24 300 33.3 842.6  50 0.020 
Shiyaobu 26 500  8.2 837.2  20 0.030 
Chuanwan 30 545 20.0 840.2  40 0.025 
Wuhuacheng 33 800 20.0 841.5 280 0.020 
Pulu 35 530 24.0 839.5  60 0.030 
Hehui 40 500 25.0 837.8  70 0.025 
Quyu 43 000 26.7 835.6 160 0.025 
Yangmian 45 900 15.0 835.5 220 0.030 
Shitizi 50 355 17.1 832.5  60 0.030 
Huoshan 53 604 37.5 832.2 100 0.030 
Yumiao 58 533 40.0 828.6 120 0.025 
For the freeze-up process, the period of time simulated was three days, from 8:00 am on 
November 26 to 8:00 am on November 29, 1986. The time step was 900 seconds. The 
upstream and downstream boundary conditions were the flow rate hydrograph and water level 
hydrograph, respectively. For the late evolution process, the period of time simulated was   
80 days, from 8:00 am on December 11, 1986 to 8:00 am on March 1, 1987. The time step was  
3 600 seconds. Boundary conditions were the upstream flow rate hydrograph, thickness of the 
ice jam of the upstream section, and downstream water level hydrograph. 
5.2 Grid division 
There are bends, islands, and shoals in the Hequ Reach. The shoals divide the river reach 
into several sub-rivers, and the boundary of the adjacent sub-rivers is composed of the 
boundary of shoals and the public water boundary. The whole computational area was made 
up of multiple connected zones. For every sub-river, a structured grid was established using 
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Fig. 4 Computational grid 
the structured joining method (Xu 2007). During the computation process, calculation on the 
locally refined grid and initial grid was conducted separately with the same method. First, the 
area of the original grid that needed to be locally refined was selected. Then, every grid in the 
selected area was divided into I JD D×  locally refined grid cells, where ID  is the 
grid-refined coefficient in the x direction, and JD  is the 
grid-refined coefficient in the y direction. In this study, 
4I JD D= = . The computational area was divided into 
three reaches: the open-flow reach, progression reach, 
and ice-cover reach. The grid was re-divided depending 
on the progressive distance of the leading edge. In this 
study, x represents the streamwise direction, y represents 
the transverse direction, and the origin is on the right 
bank of the Longkou cross-section. The initial BFC grid 
was divided into 1 000 × 20 cells. After the grid was 
refined, the maximum grid cell size was 80.5 m, and the 
minimum grid cell size was 2.6 m. Fig. 4 shows the 
computational grid. Fig. 5 shows the calculation 
procedure, where ( )s max ,I JN D D= , iN  is the number 
of space steps of ice-cover reach, and 0N  is the number 
of space steps of open-flow reach. 
5.3 Simulation results and analysis 
Fig. 6 shows the calculated water levels and field observations during the freeze-up 
period. It is obvious that the water level at the leading edge of the ice cover increased as the 
ice cover advanced. Water level variations in the transverse direction are shown in Fig. 7, 
which indicates that the numerical simulations are in agreement with observations. 
Fig. 8 provides a comparison between computations and field observations of the position 
of the leading edge of the ice cover. It can be found that the computations are in agreement 
with field observations, and the progression speed of ice cover in the transverse direction is 
not uniform. The main reason may be that the floe concentration at the leading edge of the ice 
cover is largely affected by air temperature. 
Fig. 9 compares computations and field observations of thickness of ice cover. It can be 
seen that, during the ice cover progression, the thicknesses of ice cover in different reaches are 
not consistent. The main reason is that the geometric characteristics of each cross-section, 
incoming ice, and flow conditions are not the same when the ice cover initially forms, and the 
ice transportation under ice cover causes the thickness of downstream ice cover to change. 
Besides, the results of research show that the mechanical thickening mode occurs during the 
ice cover progression, and the reason is that the width of the cross-section is much larger than 
the water depth in the bending reach. 
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Fig. 5 Flowchart of calculation procedure 
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Fig. 6 Comparison of measured and computed water levels (z) at different times and               
comparison of them and initial values 
 
Fig. 7 Comparison of measured and computed water levels (z) at different cross-sections and               
times and comparison of them and initial values 
 
Fig. 8 Variation of position of leading edge of ice cover 
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Fig. 9 Ice cover thickness in different reaches 
6 Conclusions 
In order to accurately simulate the complicated boundary conditions in natural rivers, a 
two-dimensional numerical model of river ice processes was developed, based on 
boundary-fitted coordinates. The MacCormack scheme was used to solve the transformed 
equations. The model was validated with field observations from the Hequ Reach of the 
Yellow River, and satisfactory results were achieved. This study shows that the progression 
rate of the ice-cover leading edge and the thickness distribution of ice cover are affected by 
many factors, and the water level at the leading edge of the ice cover increases while the 
leading edge advances upstream.  
References 
Ashton, G. D. 1986. River and Lake Ice Engineering. Littleton: Water Resources Publications. 
Headquarters of Flood Prevention and Draught Fighting of Hequ Country (HFPDFHC). 1993. Collection of 
Observational Data on the Hequ Reach of Yellow River, Shanxi Province. Hequ: Yellow River Water 
Conservancy Press. (in Chinese) 
Lal, A. M. W., and Shen, H. T. 1991. Mathematical model for river ice processes. Journal of Hydraulic 
Engineering, 117(7), 851-867. 
Liang, K. M. 1998. Mathematical Physical Method. 3rd ed. Beijing: Higher Education Press. (in Chinese) 
Liu, L. W., Li, H., and Shen, H. T. 2006. A two-dimensional comprehensive river ice model. Proceedings of 
the 18th IAHR International Symposium on Ice, 69-76. Sapporo: Hokkaido University Press. 
Mao, Z. Y., Ma, J. M., She, Y. T., and Wu, J. J. 2002. Hydraulic resistance of ice-covered river. Journal of 
Hydraulic Engineering, 33(5), 59-64. (in Chinese) [doi:0559-9350(2002)05-0059-06] 
Mao, Z. Y., Zhang, L., Wang, Y. T., and Wu, J. J. 2003. Numerical simulation of river-ice processes using 
boundary-fitted coordinate. Journal of Glaciology and Geocryology, 25(s2), 214-219. (in Chinese) 
Mao, Z. Y., Zhang, L., and Yue, G. X. 2004.  Two-dimensional model of river-ice processes using 
boundary-fitted coordinate. Proceedings of the 17th IAHR International Symposium on Ice, Vol 1, 
184-190. St. Petersburg: B. E. Vedeneev All-Russia Research Institute of Hydraulic Engineering 
(VNIIG). 
Mao, Z. Y., Xu, X., Wang, A. M., Zhao, X. F., and Xiao, H. 2008a. 2D numerical model for river-ice processes 
based upon boundary-fitted coordinate. Advances in Water Science, 19(2), 214-223. (in Chinese) 
Mao, Z. Y., Zhao, X. F., Wang, A. M., Xu, X., and Wu, J. J. 2008b. Two-dimensional numerical model for 
river-ice processes based upon boundary-fitted coordinate transformation method. Proceedings of the 
19th IAHR International Symposium on Ice, Using New Technology to Understand Water-Ice Interaction, 
 Ze-yu MAO et al. Water Science and Engineering, Jan. 2014, Vol. 7, No. 1, 90-105 105
191-202. Vancouver: IAHR. 
Shen, H. T., and Wang, D. S. 1995. Under cover transport and accumulation of frazil granules. Journal of 
Hydraulic Engineering, 121(2), 184-195. 
Shen, H. T. 1996. River ice processes: State of research. Proceedings of the 13th International Symposium on 
Ice, Vol 3, 825-833. Beijing. 
Shen, H. T. 2010. Mathematical modeling of river ice processes. Cold Regions Science and Technology, 62(1), 
3-13. [doi:10.1016/j.coldregions.2010.02.007] 
Svensson, U., Billfalk, L., and Hammar, L. 1989. A mathematical model of border ice formation in rivers. 
Cold Regions Science and Technology, 16(2), 179-189. [doi:10.1016/0165-232X(89)90019-0] 
Tan, W. Y. 1996. Computational Methods for Shallow-water Dynamics: Applications of FVM. Beijing: 
Tsinghua University Press. (in Chinese) 
Wang, Y. T. 1999. Numerical Simulation of River Ice and Analysis of Ice Characteristics During 
Water-transfer in Winter. Ph. D. Dissertation. Beijing: Tsinghua University. (in Chinese) 
Wu, J. J. 2002. Ice Processes Mechanism and Numerical Simulation of Ice Jam and Frazil Ice Evolution. M. E. 
Dissertation. Beijing: Tsinghua University. (in Chinese) 
Xu, X. 2007. Study of 2D BFC Numerical Model of River-ice Processes and Velocity Distributions of 
Ice-covered Flow. M. E. Dissertation. Beijing: Tsinghua University. (in Chinese) 
Yu, Z. P. 1988, Theory of Heat Transfer. 2nd ed. Beijing: Higher Education Press. (in Chinese) 
(Edited by Yan LEI) 
 
 
